We compute all kaon and pion parton distribution amplitudes (PDAs) to twist-three and find that only the pseudotensor PDA can reasonably be approximated by its conformal limit expression. At terrestrially accessible energy scales, the twist-two and pseudoscalar twist-three PDAs differ significantly from those functions commonly associated with their forms in QCD's conformal limit. In all amplitudes studied, SU (3) flavour-symmetry breaking is typically a 13% effect. This scale is determined by nonperturbative dynamics; namely, the current-quark-mass dependence of dynamical chiral symmetry breaking. The heavier-quark is favoured by this distortion, for example, support is shifted to the s-quark in the negative kaon. It appears, therefore, that at energy scales accessible with existing and foreseeable facilities, one may obtain reliable expectations for experimental outcomes by using these "strongly dressed" PDAs in formulae for hard exclusive processes. Following this procedure, any discrepancies between experiment and theory will be significantly smaller than those produced by using the conformal-limit PDAs. Moreover, the magnitude of any disagreement will either be a better estimate of higher-order, higher-twist effects or provide more realistic constraints on the Standard Model.
I. INTRODUCTION
Knowing the behaviour of kaon and pion light-front parton distribution amplitudes (PDAs) is crucial in the analysis of a wide variety of hard exclusive processes. For instance, the twist-two amplitudes modulate the evolution of kaon and pion elastic electromagnetic form factors [1] [2] [3] ; and both twist-two and -three amplitudes are critical in the study of nonleptonic B-meson decays and their use in constraining elements of the CKM matrix [4] . In analyses of this type, owing to the absence of reliable computations of the PDAs, it has been common to employ PDAs appropriate to the conformal limit of QCD when estimating the size of nonperturbative factors appearing in the factorisation formula for a given exclusive process. For example, the normalisation expected for the asymptotic behaviour of the pion's elastic electromagnetic form factor, F π (Q 2 ), has typically been based on the following conformal form for the twist-two PDA [5, 6] : ϕ cl π (u) = 6u (1 − u) . This approach to the estimation of soft factors in hard-process factorisation formulae may now be reconsidered because it has become possible both to calculate the pointwise behaviour of meson PDAs using continuum methods in QCD [7] [8] [9] and to validate those results via comparisons with analyses [10, 11] of low moments of these PDAs computed using lattice-QCD (lQCD).
An illustration of the impact of these advances is provided by a recent study of F π (Q 2 ) [12] . Specifically, it has been shown [7] that, at all momentum scales Q 2 ≫ Λ
QCD
which are achievable using existing or planned facilities, the conformal-limit twist-two PDA, ϕ cl π (x), provides a poor approximation to the light-meson twist-two amplitudes. Instead, the PDA is a broad, concave function, viz. ϕ π (x) ∼ (8/π) x(1 − x). Evidence in support of this character had long been accumulating [13] [14] [15] [16] but overlooked. Using such a dilated PDA, the soft normalisation factor associated with the asymptotic behaviour of F π (Q 2 ) increases by a factor 2-3. Thus a mismatch, which had long appeared to be a serious discrepancy between contemporary data and direct calculations on one hand, and the result obtained via the factorisation formula on the other, is transformed into near agreement.
Hence, in what may be a significant boost to the programme [17, 18] , experiments at the upgraded Jefferson Laboratory (JLab) [19, 20] will potentially see a clear sign of parton model scaling for the first time in a hadron elastic form factor.
It is worth highlighting that the dilation of ϕ π (x) is a clear expression of dynamical chiral symmetry breaking (DCSB) on the light-front. Consequently, empirical verification at JLab of the predicted normalisation of F π (Q 2 ) [12] will provide novel insights into the mechanism that may be identified with the generation of more than 98% of the proton's mass. In a related vein, it has been argued [8] that one of the two twist-three pion distribution amplitudes, i.e. the pseudoscalar projection of the pion's light-front wave function, ω π (x), may be understood to describe the probability distribution of the chiral condensate within the pion [21] [22] [23] [24] [25] . Given the pseudo-Goldstone-boson character of the pion and kaon, a comparison between the pointwise behaviour of this distribution amplitude within these mesons is particularly interesting and potentially instructive.
The behaviour of the kaon's twist-two PDA, ϕ K (x), is also determined primarily by DCSB [11, 26] . Indeed, ϕ K (x) is a broad, concave and asymmetric function, whose peak is shifted 12-16% away from its position in QCD's conformal limit. These features show that the heavier quark in the kaon carries more of the boundstate's momentum than the lighter quark; and also that DCSB modulates the magnitude of flavour-symmetry breaking because it is markedly smaller than one might expect based on the difference between light-quark current masses. Combining these features of ϕ K (x) with those of ϕ π (x) described above, one obtains an improved understanding of the ratio of kaon and pion electromagnetic form factors measured at large timelike momenta [27] : it eliminates much of the discrepancy between experiment and theory which appears if the conformal-limit kaon and pion PDAs are used in the relevant hard scattering formulae [26] .
It would thus appear that a consistent picture is emerging from the confluence between continuum and lattice QCD studies regarding the character of light-meson twist-two PDAs. Namely, that at energy scales accessible with existing and foreseeable facilities, reliable insights concerning the Standard Model may only be obtained by using the broad, concave PDAs whose nature and origin we have indicated above. Herein, therefore, we present calculations and results for all six kaon and pion two-particle distribution amplitudes that appear to twistthree in an expansion of the light-front wave functions of these pseudoscalar mesons. These amplitudes have previously been estimated using their properties under conformal transformations as the guiding principle in concert with QCD sum rules [28, 29] ; but our analysis is the first to use the Dyson-Schwinger equations (DSEs) [30] [31] [32] [33] , which have both a direct connection with QCD and can completely chart the pointwise behaviour of these amplitudes.
This document is organised as follows. In Sec. II we introduce the distribution amplitudes and describe the method that will be used in their computation. Section III provides an algebraic illustration of our techniques. The algebraic formulae we obtain also serve as a benchmark against which to evaluate the nature of our numerical results, described in detail in Sec. IV. A summary and perspective are presented in Sec. V.
II. DISTRIBUTION AMPLITUDES AND BETHE-SALPETER WAVE FUNCTIONS

A. Definitions and Observations
A pseudoscalar meson, Pḡ f (q), with mass m P , possesses three two-particle light-cone distribution amplitudes to twist-three, which may be expressed thus [28] :
Here
with n a light-like four-vector, n 2 = 0, n · q = −m P ; the superscript labels the twist-order, which will be omitted hereafter; ζ is the renormalisation scale; and f P , ρ ζ P are, respectively, the pseudovector and pseudoscalar projections of the meson's Bethe-Salpeter wave function onto the origin in configuration space, explicit expressions for which are given in Eqs. (12) below. With the conventions specified by Eqs. (1) , each of the PDAs is unit normalised, viz.
The reason why we have expressed the left-hand-side of Eq. (1c) in terms of a differentiated PDA will subsequently become apparent -see, e.g., Eq. (25) and the preceding analysis. In considering the twist-three amplitudes, Eqs. (1b) and (1c), one should bear in mind that they are not truly independent: a threeparticle (quark+antiquark+gluon) twist-three amplitude connects them [6, 28] . Note that in order to produce quantities that are gauge invariant for all values of x, each of the left-hand-sides in Eqs. (1) should also contain a Wilson line:
between the quark fields. Plainly, for any light-front trajectory, W[−x, x] ≡ 1 in lightcone gauge: n · A = 0, and hence the Wilson line does not contribute when 1 We use a Euclidean metric:
this choice is employed. On the other hand, light-cone gauge is seldom practicable in either model calculations or quantitative nonperturbative analyses in continuum QCD. In fact, herein, as is typical in nonperturbative DSE studies, we employ Landau gauge because, inter alia [34] [35] [36] : it is a fixed point of the renormalisation group; that gauge for which sensitivity to modeldependent differences between Ansätze for the fermiongauge-boson vertex are least noticeable; and a covariant gauge, which is readily implemented in numerical simulations of lattice-regularised QCD.
We therefore proceed by assuming that W[−x, x] is not quantitatively important in computation of the twoparticle amplitudes in Eqs. (1) . That has been verified for ϕ P in Eq. (1a) [37] and it is plausible for ω P , υ P . However, this omission should be borne in mind; and the validity of the assumption judged through comparisons with results obtained using other methods which are also soundly grounded in QCD.
The value of ζ in Eqs.
(1) specifies the mass-scale relevant to the process in which the meson is involved and hence at which the PDA is to be employed. The shape of a given PDA changes with ζ; hence the ζ-dependence of the PDAs is important. The evolution equation for twoparticle twist-two distributions is known in closed form and it has the solution [1] [2] [3] :
where τ = 1/ζ,ū = 1 − u, a 0 = 1. The expansion coefficients {a 3/2 j , j ≥ 1} evolve logarithmically with τ : they vanish as τ → 0. These features owe to the fact that, on τ Λ QCD ≃ 0, QCD is invariant under the collinear conformal group SL(2; R) [5, 6] . The Gegenbauer-α = 3/2 polynomials correspond to irreducible representations of this group and hence the expansion in Eq. (4) .
The evolution of the two-particle twist-three distributions is significantly more complicated because they are related to the matrix elements of three-particle (quark+antiquark+gluon) distributions, which have nontrivial scale dependence and mix with each other under renormalisation [6, 28, 29, 38, 39] . We therefore omit further discussion of evolution and focus instead on reporting result computed with
a value chosen because it is typically that employed in numerical simulations of lQCD. It is worth remarking that until recently it was commonly assumed that at any length-scale τ = 1/ζ, an accurate approximation to a given PDA was obtained using just the first few terms in the associated conformal expansion. In connection with the twist-two distribution in Eq. (1a), this amounted to the assumption that an accurate representation of ϕ P (x; τ ) was obtained by using just the first few terms of the expansion in Eq. (4). Let us call this Assumption A. It has led to models for ϕ P (x; τ ) whose pointwise behaviour is not concave on x ∈ [0, 1], e.g. to "humped" distributions [40] . Following Ref. [7] , one can readily establish that a double-humped form for ϕ P (x) lies within the class of distributions produced by a meson Bethe-Salpeter amplitude which may be characterised as vanishing at zero relative momentum, instead of peaking thereat. No ground-state pseudoscalar or vector meson Bethe-Salpeter equation solution exhibits corresponding behaviour [21, 41, 42] .
Assumption A is certainly valid on τ Λ QCD ≃ 0. However, it is unsound at any energy scale accessible in contemporary or foreseeable experiments. This was highlighted in Ref. [10] and in Sec. 5.3 of Ref. [33] . The latter used the fact [43] [44] [45] that ϕ cl (x) can only be a good approximation to a meson's PDA when it is accurate to write u v (x) ≈ δ(x), where u v (x) is the meson's valencequark PDF, and showed that this is not valid even at energy scales characteristic of the large hadron collider. An identical conclusion was reached in Refs. [11, 26] , via consideration of the first moment of the kaon's PDA, which is a direct measure of SU (3) flavour-symmetry breaking and must therefore vanish in the conformal limit. Hence, realistic two-particle twist-two meson PDAs are necessarily broader than ϕ cl (x); in fact, much broader. It follows that insistence on using just a few terms in Eq. (4) to represent a hadron's twist-two PDA will typically lead to unphysical oscillations, i.e. humps, just as any attempt to represent a box-like curve via a Fourier series will inevitably lead to slow convergence and spurious oscillations.
The preceding observations lead one to appreciate that two-particle twist-three distributions evaluated at ζ 2 need not closely resemble the functional forms associated with their conformal limits. In our analysis of the PDAs in Eqs. (1), we will not prejudice our analysis in this way. We will instead use an alternative to Assumption A, which is explained in the next subsection. Returning now to Eqs. (1), accounting for Euclidean metric and making use of the relationship between BetheSalpeter wave functions in configuration and momentum space [46] , one obtains
where N c = 3; the trace is over spinor indices;
Λ dk is a Poincaré-invariant regularisation of the four-dimensional integral, with Λ the ultraviolet regularisation mass-scale; Z 2,4 (ζ, Λ) are, respectively, the quark wave-function and Lagrangian mass renormalisation constants, computed using a mass-independent renormalisation scheme [47] ; and δ
The Bethe-Salpeter wave function in Eqs. (7) is
where Γ P is the Bethe-Salpeter amplitude; S f,g are the dressed-quark propagators, which are usually written in one of the following, equivalent forms
and
Owing to Poincaré covariance, no observable can legitimately depend on η, i.e. the definition of the relative momentum.
The pseudoscalar meson Bethe-Salpeter amplitude in Eq. (8) has the form (ℓ = k ηη )
Each of the scalar functions in Eq. (10) has the following decomposition
with F 0,1 even under (ℓ·q) → (−ℓ·q). Herein, we consider the isospin-symmetric limit m u = m d = m s . Note that for mesons constituted from valence-quarks with equal current-mass, F 1 ≡ 0. At this point it is useful to expose the meaning of the normalisation factors in Eqs. (7) . To that end, we act with 1 0 du on both sides of Eqs. (7a), (7b) and employ Eqs. (2) , thereby arriving at:
These expressions will readily be recognised as distinct projections onto the origin in configuration space of the meson's Bethe-Salpeter wave function, i.e. the meson's pseudovector and pseudoscalar decay constants [48] . Both express an intrinsic property of the meson and are equivalent order parameters for DCSB [49] . In this connection, the latter (ρ ζ P ) has been identified as the in-meson chiral condensate [21] [22] [23] [24] [25] .
As reviewed elsewhere [30] [31] [32] [33] , it is now possible to obtain realistic meson Bethe-Salpeter amplitudes by solving a coupled system of integral equations; namely, symmetry-preserving truncations of QCD's gap and Bethe-Salpeter equations. That given, then, with χ P in hand, it is straightforward to follow the procedure explained in Refs. [7] [8] [9] 26] and thereby obtain the meson PDAs from Eqs. (7) . The first step is to compute the moments
where φ = ϕ P , ω P , υ ′ P , which are determined explicitly via
m . Notably, beginning with an accurate form of χ q P , arbitrarily many moments can be computed. It is now useful to write
in which form the nonzero moments of φ 
where
2 and aᾱ 0 = 1. In general,ᾱ = α because φ E P (u) and φ O P (u) are orthogonal components of φ P (u).
At this point, from a given set of 2m max moments computed via Eqs. (14), the even and odd component-PDAs may be determined independently by separately minimising
over {ᾱ, a 2 , a 4 , . . . , a jmax }, {α, a 1 , a 3 , . . . , a jmax+1 }, where
This is the alternative to Assumption A mentioned above and exploited elsewhere [7] [8] [9] [10] [11] [12] 33] . It acknowledges that at all empirically accessible scales the pointwise profile of PDAs is determined by nonperturbative dynamics; and hence PDAs should be reconstructed from moments by using Gegenbauer polynomials of order α, with this order -the value of α -determined by the moments themselves, not fixed beforehand. In known cases, involving π-, K-, ρ-and φ-mesons, this procedure converges rapidly: j max = 2 is sufficient [7] [8] [9] 26] .
III. RESULTS: ALGEBRAIC BENCHMARKS
In order to reliably compute moments via Eqs. (14), we follow the approach introduced in Ref. [7] and develop a Nakanishi-like representation [50] [51] [52] of the meson BetheSalpeter wave functions that are ultimately obtained via numerical solution of a Bethe-Salpeter equation. Before detailing the results of such numerical analysis, we judge it useful to provide an algebraic illustration of this idea.
Consider, therefore, Eq. (14c), treat f = g and introduce
(Equations (14a), (14b) have been analysed in this way elsewhere [7, 8] .) Using a Feynman parametrisation in the resulting expression, the three denominators appearing in Eq. (14c) can be combined into one k-quadratic form, raised to a power that depends linearly on ν. A subsequent change of variables enables one to isolate the d 4 k integration and arrive at
The expression within the parentheses in Eq. (22) is recognisable as the value of ρ P that one obtains from Eq. (12b) using Eqs. (20) . It follows that
which are the moments of
A QCD-like theory is obtained with ν = 1, in which case
It is notable that similar reasoning leads to the same result for the twist-two PDA [7] :
There are two statements here. First, the algebraic model in Eqs. (20) produces an identical result for both the twist-two and pseudotensor twist-three PDAs. Second, both this equality and the functional form of the identical results are precisely the outcomes argued to arise in the conformal limit of QCD [28] . The model defined by Eqs. (20) has also been used to evaluate an asymptotic form for ω P , with the result [8] 
[uū]
In this case, ν = 1 produces
Although the functions {C (28) is not the functional form anticipated of QCD's conformal-limit, which is instead [28] :
An explanation for this difference might be found in the conformal expansion of ω P (u) provided in Eq. (33) of Ref. [28] . There, the coefficient of the C (1/2) 2 term is proportional to f 3π , a leading moment of the pion's three-particle (quark+antiquark+gluon) twist-three amplitude, which vanishes logarithmically as the renormalisation scale, ζ, is removed to infinity. From this perspective, the term (1/2)C (20) implicitly express a mixing pattern between the two-and three-particle twist-three amplitudes.
We will subsequently provide comparisons between the forms in Eqs. (25)- (28) and results for all the PDAs computed using realistic dressed-quark propagators and Bethe-Salpeter amplitudes. The differences will expose some of the impacts of nonperturbative dynamics and/or violations of SU (3) flavour-symmetry in QCD's twist-two and -three two-particle sectors. Crucially, as we shall see, ω asy P (u; ν = 1) in Eq. (28) and υ asy P (u; ν = 1) in Eq. (25) are the natural benchmarks for all existing, realistic studies of two-particle, twist-three PDAs that make reference to accessible energy scales.
IV. RESULTS: NUMERICAL COMPUTATIONS
A. Quark propagators and meson Bethe-Salpeter amplitudes
We solved the s-and u-quark gap equations and the kaon and pion Bethe-Salpeter equations numerically, using the interaction in Ref. [53] . The infrared composition of this interaction is deliberately consistent with that determined in modern studies of QCD's gauge sector [54] [55] [56] [57] [58] [59] ; and, in the ultraviolet, it preserves the one-loop renormalisation group behaviour of QCD so that, e.g., the dressed-quark mass-functions, M s,u (p 2 ) in Eq. (9c), are independent of the renormalisation point, which we choose to be ζ 2 .
In completing the gap and Bethe-Salpeter kernels we employ two different procedures and compare their results: rainbow-ladder (RL) truncation, detailed in App. A.1 of Ref. [60] , which is the most widely used DSE computational scheme in hadron physics, whose strengths and weakness are canvassed elsewhere [30] [31] [32] [33] ; and the modern DCSB-improved (DB) kernels detailed in App. A.2 of Ref. [60] , which are the most refined kernels currently available [33, [61] [62] [63] . Both schemes are symmetry-preserving; but the latter introduces essentially nonperturbative DCSB effects into the kernels, which are omitted in RL truncation and any stepwise improvement thereof. The DB kernel is thus the more realistic.
As detailed elsewhere [64] , this conclusion is supported by the agreement emerging between the "top-down" approach to determining the quark-quark interaction in QCD, which works toward an ab initio computation of the interaction via direct analysis of the gauge-sector gap equations, and the DB kernel determined via the "bottom-up" scheme, which aims to infer the interaction by fitting data within a well-defined truncation of those equations in the matter sector that are relevant to bound-state properties.
The gap and Bethe-Salpeter equation solutions are obtained as matrix tables of numbers. Computation of the moments in Eqs. (14) is cumbersome with such input, so we employ algebraic parametrisations of each array to serve as interpolations in evaluating the moments. For the quark propagators, we represent σ V,S as meromorphic functions with no poles on the real k 2 -axis [65] , a feature consistent with confinement as defined through the violation of reflection positivity [31] [32] [33] [66] [67] [68] [69] . Concerning the Bethe-Salpeter amplitudes, each scalar function in Eq. (10) is expressed via a Nakanishi-like representation [50] [51] [52] , with parameters fitted to that function's first two (pion) or four (kaon) ℓ · q Chebyshev moments. The quality of the description is illustrated via the dressedquark propagator in Fig. 1 . (Details of these procedures are presented in Appendix A.)
Using the interpolating spectral representations, it is straightforward to compute arbitrarily many moments of the meson PDAs via Eqs. (14) . We typically employ 2m max = 50. The pointwise forms of the PDAs are then reconstructed via the "Gegenbauer-α" procedure described in connection with Eqs. (16)-(19) above. Again, the procedure converges rapidly in all cases, so that results obtained with j max = 2 produce ε E,O m < 1%.
B. Twist-two
The two-particle leading-twist PDAs for the pion and negative-kaon 3 were computed and discussed in Refs. [7, 11, 26] . The results obtained with the DB kernel are
with the functions defined in Eqs. (17) and αα aᾱ 2 aα 1 aα 3 1.42 1.14 0.074 0.076 0.011 . These predictions agree with the best available estimates from numerical simulations of lQCD [10, 11, 26] .
We depict the curves of Eqs. (30)-(32) in Fig. 2 , and compare them with the asymptotic two-particle distribution, Eq. (5), and also with a model result [13, 16] :
which is practically indistinguishable from the DSE prediction. 4 Notably, the DB prediction for the second moment of the pion's twist-two PDA is in agreement with earlier results from lQCD [15, 70] and also confirmed by a more recent analysis [71] , viz. These results support observations made in the Introduction; namely, that at accessible energy scales, twoparticle twist-two PDAs are broad, concave functions in which violations of SU (3) flavour-symmetry are modulated by DCSB (since they are at the level of 14%). These issues are discussed further in Sec. IV C.
4 N.B. Whereas the scale that should be associated with the model analyses is poorly known, our result is computed at ζ 2 . Therefore, the agreement emphasised here suggests that one is best advised to associate a scale of ζ 2 with the model results, too. C. Pseudoscalar, two-particle, twist-three
Pion -ωπ
The pion's two-particle twist-three PDA, ω π (u), was computed and discussed in Ref. [8] . In addition to playing an important role in the study of B-meson pionic decays [72] , ω π (u) may be viewed as describing the light-front distribution of the chiral condensate within the pion. The chiral-limit prediction from Ref. [8] is depicted in the upper panel of Fig. 3 : the solid curve corresponds to
with α = ν − 1/2, ν = 1.05, a 2 = 0.48. This is very close to ω asy P (u) in Eq. (28), which is described by ν = 1,
It is important to be aware that only the E P =π (ℓ; q) term in Eq. (10) provides a nonzero contribution to the right-hand-side of Eq. (7b) when one removes the regularisation scale Λ → ∞. That is because lim Λ→∞ Z 4 (ζ, Λ) = 0; and whilst the integral of the E π (ℓ; q) term diverges with Λ at precisely the rate required to produce a finite, nonzero, Λ-independent result, the terms F π (ℓ; q), G π (ℓ; q), H π (ℓ; q) provide contributions to the integral that are finite as Λ → ∞ and hence disappear when multiplied by a renormalisation constant which vanishes in this limit.
In addition, since the integral is dominated by the ultraviolet behaviour of the integrand, no difference in Bethe-Salpeter kernels at infrared momenta can have an impact. Owing to the following quark-level GoldbergerTreiman relation [48, 73] :
a pointwise expression of Goldstone's theorem in QCD, the chiral-limit prediction, Eq. Lower panel -kaon: solid curve (black), DB result; dotdashed curve (green), RL result; dashed curve (red), QCD sum rules estimate [29] ; and dotted curve (blue), pion prediction in Eq. (35) .
mined by the momentum-dependence of the scalar piece of the self-energy associated with the dressed-quark that is confined within the pion. This momentum-dependence is the same in all DSE truncation schemes that preserve the one-loop renormalisation group properties of QCD, a fact that was confirmed in Ref. [8] by computing ω π (x) in both RL and DB truncation and verifying that the results are identical. These observations suggest strongly that the character of our result is a model-independent feature of strong-coupling QCD.
Notable, too, is the agreement evident in Fig. 3 between our prediction, Eq. (35), and an earlier QCD sum rules result [29] . (A quantitatively similar distribution is reported in Ref. [37] .) The discrepancy near the endpoints of the domain of support is understandable, given that just low-order moments can practically be constrained in a sum rules analysis and such moments possess little sensitivity to the behaviour of ω π in the neighbourhood of the endpoints. We judge that the generally good agreement with the prediction in Eq. (35) provides strong support for the model-independent nature of that result. This is further emphasised by the fact that the estimate in Ref. [29] improves over an earlier calculation [38] and, as gauged by the L 1 -norm, the modern refinement shifts the earlier estimate toward the result in Eq. (35) . Significantly, all results for ω π (u) differ materially from ω cl π (u) ≡ 1. It is appropriate at this point to remark that numerical results for ω P (x) have recently been obtained using a light-front constituent-quark model [74] . Those results are in marked disagreement with all curves depicted in Fig. 3 : they have curvature of the opposite sign on almost the entire domain of support. Consequently, the quark model results are in conflict with a model-independent prediction of QCD, which is deeply rooted in DCSB. It is probable that this defect originates in the inability of constituent-quark models to veraciously express chiral symmetry and the pattern by which it is broken in QCD. There are other, kindred examples, such as the failure of constituent-quark models [75] to deliver zero as the chiral-limit value for the leptonic decay constant of excited-state pseudoscalar mesons, which is also a modelindependent corollary of DCSB [42, [76] [77] [78] [79] [80] [81] [82] [83] [84] . This flaw is apparent in any approach that does not reliably incorporate and express the nature of chiral symmetry in QCD, e.g. Ref. [85] .
Kaon -ωK
We have computed the pseudoscalar two-particle, twist-three parton distribution amplitude for the negative-kaon using both the RL and DB truncations: for the reasons explained above, only the E P =K (ℓ; q) term in Eq. (10) provides a nonzero contribution. The results may be quoted in the form
with the functions defined in Eqs. (17) 
The predictions in Eqs. (37), (38) are associated both with the moments listed in Table I and the solid-and dotdashed-curves plotted in the lower panel of Fig. 3 : semiquantitative agreement with a QCD sum rules estimate [29] is apparent.
There are a number of important messages that may be read from these results. Plainly, as with the twist-two amplitude, the kaon distribution is skewed in favour of the heavier s-quark. Here, however, since this amplitude describes the light-front distribution of the chiral condensate within the hadron [8] , the impact of the currentquark masses is most significant at the endpoints of the domain of support: the PDA is suppressed on x < 1/2 − 1) of the π and K-meson pseudoscalar two-particle, twist-three PDAs at ζ2, computed using Eqs. (35) , (37) and (38) . We also list values obtained with ω = ω asy P , Eq. (28), and computed using the QCD sum rules estimate for ωK in Ref. [29] . N.B. For the kaon, ω and enhanced on x > 1/2. The distortion may be quantified by considering a ratio, viz.
is employed, the analogous ratio evaluates to δ DB ϕK = 1.14. It is thus evident that the magnitude of SU (3) flavour-symmetry breaking in the kaon's pseudoscalar two-particle, twist-three distribution is similar to that in the twist-two PDA.
The magnitude of flavour symmetry-breaking exposed in Eq. (39) may also be compared with the 15% shift in the peak of the kaon's valence s-quark parton distribution function, s [86] and the ratio of neutral-and charged-kaon electromagnetic form factors measured in e + e − annihilation at s U = 17.4 GeV 2 [87] :
12. By way of context, it is notable that the ratio of s-to-u current-quark masses is approximately 27 [88] , whereas the ratio of nonperturbatively generated Euclidean constituent-quark masses is typically 1.5 [89] and the ratio of leptonic decay constants f K /f π ≈ 1.2 [88] . Both latter quantities are equivalent order parameters for DCSB.
Moreover, a DSE-based computation of leptonic decay constant ratios yields f Bs /f B = 1.2 [90] , in accord with a recent result from unquenched lattice-QCD f Bs /f B = 1.22 (8) [91] , and the same DSE framework produces f + BK (0)/f + Bπ (0) = 1.21 for the ratio of B → K, π semileptonic transition form factors at the maximum recoil point, a value that is typical for estimates of this quantity: the results in Refs. [92] [93] [94] [95] [96] [97] [98] may be summarised as f
It is therefore apparent that, as with ϕ K (u), the flavour-dependence of DCSB rather than explicit chiral symmetry breaking is measured by the skewing of ω K (u): SU (3) flavour-symmetry breaking is far smaller than one might naïvely have expected because DCSB impacts heavily on u, d-and s-quarks.
Looking closer at the results in the lower panel of Fig. 3 , one observes that the RL PDA is more skewed than the DB result, viz. the RL truncation allocates a significantly larger fraction of the in-kaon condensate to its valence s-quark. This feature is also highlighted by comparing the RL and DB results for the moments in Table I: the m = 1, 3, 5 RL moments are noticeably larger than the odd moments obtained with the DB kernel. This is readily understood. RL-kernels ignore DCSB in the quark-gluon vertex. Therefore, to describe a given body of phenomena, they must shift all DCSB strength into the infrared behaviour of the dressed-quark propagator, whilst nevertheless maintaining perturbative behaviour for p 2 > ζ 2 2 . This requires M s,u (p 2 ) to be unnaturally large at p 2 = 0 and then drop quickly with increasing p 2 , behaviour which influences ω K (u) via the Bethe-Salpeter equation. In contrast, the DB-kernel builds DCSB into the quark-gluon vertex and its impact is therefore shared between more elements of a calculation. Hence smaller values of M s,u (p 2 = 0) are capable of describing the same body of phenomena; and these dressed-masses need fall less rapidly in order to reach the asymptotic limits they share with the RL self-energies. The DB kernel therefore produces a more balanced expression of DCSB's impact on a meson's Bethe-Salpeter wave function and hence the PDAs derived therefrom provide a more realistic expression of DCSB-induced skewing: DB provides the most realistic result [64] .
The lower panel of Fig. 3 also facilitates a comparison between the kaon's pseudoscalar two-particle, twist-three PDA and that obtained for the pion using the same kernel [7] . Setting the asymmetry of the kaon's distribution aside, the qualitative character of the distributions is the same: they are both maximal at the endpoints of the domain of support. This is a definitive signature of the Goldstone boson structure of these mesons, which shows that the chiral condensate is primarily located in components of the pseudoscalar meson wave functions that express correlations with large relative momenta, a feature which ensures, inter alia, that light-front longitudinal zero modes do not play a material role in forming the chiral condensate [8] .
D. Pseudotensor, two-particle twist-three
We have also computed the distribution υ P (u) defined via Eq. (7c), using the same technique employed for the other PDAs. As was the case for the pseudoscalar distribution amplitudes, the value of the integral in Eq. (14c) is dominated by the ultraviolet behaviour of E P (ℓ; q): the other elements in the pseudoscalar meson Bethe-Salpeter amplitude, Eq. (10), play no role. Once more, therefore, there is no model dependence in the pion computation and the RL and DB results are identical:
which is not meaningfully distinguishable from υ asy π (u) in Eq. (25) . This function is depicted in Fig. 4 .
Our predictions for the kaon are also simple. Their (31), (32); and long-dashed curve (red) -QCD sum rules result for the kaon from Ref. [29] . We do not plot the asymptotic form in Eq. (25) because it is effectively indistinguishable from our prediction for the pion. pointwise forms are well described by:
where T=RL, DB and 
These functions are depicted in Fig. 4 and are associated with the moments in Table II . In this instance, the distortion of the distributions can readily be measured by the shift in peak location relative to that of the pion: the RL amplitude peaks at u = 0.57 and DB at u = 0.54. One may also use δ υK , defined via obvious analogy with Eq. (39):
Thus, in the more realistic (DB) case, the breaking of SU (3) flavour-symmetry in υ K is 12%, as it is within the other kaon PDAs calculated herein. Hence, unsurprisingly, the effect is once again modulated by the currentquark mass dependence of DCSB.
In Fig. 4 we also display a QCD sum rules estimate for υ K [29] . In this case, too, the result obtained via that route is semi-quantitatively in agreement with our prediction, possessing a similar level of distortion toward u = 1: 9% as measured by δ υK . (The sum rules result for the pion distribution is symmetric around u = 1/2 but otherwise qualitatively similar in shape and magnitude to the sum-rules kaon distribution, so it is not drawn.) − 1) of the π and K-meson pseudotensor two-particle, twist-three PDAs at ζ2, computed using Eqs. (40), (41) and (42) . We also list values obtained with υP = υ asy P , Eq. (25), and computed using the QCD sum rules estimate for υK in Ref. [29] . N.B. For the kaon, υ 
V. CONCLUSION
We described calculations of the pointwise form for all kaon and pion dressed-quark (two-particle) parton distribution amplitudes (PDAs) to twist-three. These computations have become possible owing to the development and use of novel methods for the algebraic interpolation of dressed-quark propagators and meson Bethe-Salpeter amplitudes, which are based on the notion of generalised perturbation theory integral representations [7, 52] .
Before providing details, we list here our three primary conclusions. Namely, only the pseudotensor PDA can reasonably be approximated by its conformal limit. At any realistic energy scale, the twist-two and pseudoscalar twist-three PDAs differ markedly from the functions which are commonly associated with their forms in QCD's conformal limit. Moreover, in all amplitudes studied, SU (3) flavour-symmetry breaking is typically a 13% effect, the scale of which is determined by nonperturbative dynamics, viz. the current-quark-mass dependence of dynamical chiral symmetry breaking (DCSB). The heavier-quark is always favoured by this distortion, e.g. support is shifted toward u = 1 in the K − . It follows that kaon and pion PDAs with the properties elucidated herein should serve as the basis for future attempts to access CP violation in the Standard Model.
Turning now to specifics, the kaon and pion twist-two PDAs are broad, concave functions, in which the violation of SU (3) flavour-symmetry is a 12-16% effect when measured by the appearance of asymmetry in the kaon's PDA [7, [10] [11] [12] 26] . All features of these PDAs are modulated by DCSB and they cannot be approximated satisfactorily by ϕ cl P (u) = 6u(1 − u), the form associated with QCD's conformal limit, at any energy scale achievable with terrestrial facilities.
The kaon and pion dressed-quark pseudoscalar twistthree PDAs, ω P (u), are particularly interesting. Algebraic analyses based on simple input [Eqs. (20) ] produce asymptotic forms for the twist-two and pseudotensor twist-three PDAs that both coincide with the expressions anticipated of QCD's conformal limit, ϕ cl (u) = 6u(1 − u) [Eqs. (25) , (26)]. However, kindred analysis for the pseudoscalar twist-three PDA produces ω asy (28)]. This form locates significant strength at the endpoints of the distribution's domain of support, depleting the central region, in marked contrast to the function which is associated with this PDA in QCD's conformal limit: ω cl P (u) ≡ 1. Notwithstanding this, our numerical results for ω asy P =π,K (u) are best understood when referred to ω asy P (u) as the benchmark [ Fig. 3 ]. The same is true of the amplitude estimated when conformal invariance is used as the guiding principle and QCD sum rules are employed to estimate the relevant mass-scale parameters. Thus, in this case, too, if ω cl P (u) is truly the conformal-limit result in QCD, then it is irrelevant to contemporary and foreseeable experiments. Furthermore, as with the kaon's twist-two PDA, SU (3) flavour-symmetry breaking in the dressedquark pseudoscalar, twist-three PDA, ω P (u), is a 12% effect when measured by the mass-induced distortion of the PDA.
The pseudotensor dressed-quark twist-three PDAs are the simplest of the quantities we considered [Fig. 4 ]. The computed pion result is almost identical to the functional form associated with the conformal-limit, ϕ cl P (u); and the kaon's PDA is a modestly asymmetrised version of ϕ cl P (u), with violation of SU (3) flavour-symmetry again at the level of 12%.
It is worth reiterating some of the advantages in using the Dyson-Schwinger Equation (DSE) approach in studies such as this. For example, the framework preserves the one-loop renormalisation group behaviour of QCD, so that current-quark masses have a direct connection with the parameters in QCD's action and the dressed-quark mass-functions, M s,u (p 2 ), are independent of the renormalisation point. Unlike other approaches to nonperturbative phenomena in continuum QCD, the renormalisation point can be fixed unambiguously, as in lattice-QCD: it is not a parameter to be identified with some poorly determined "typical hadronic scale." Moreover, one is not restricted to estimating a few low-order moments of the PDA. In working in the continuum and computing Bethe-Salpeter wave functions directly, the DSEs enable one to deliver predictions for the pointwise behaviour of PDAs on the full domain u ∈ [0, 1]. Importantly, those predictions are parameter-free and unify a meson's PDAs with a diverse range of apparently distinct phenomena.
A coherent picture has now emerged. Modern DSE studies predict PDAs for light-quark mesons that are typically quite different from their conformal limits and these differences are a clean expression of DCSB on the light front. Notably, where a comparison is possible, the DSE results are consistent with those determined via contemporary numerical simulations of lattice-regularised QCD. A new paradigm thus presents itself, from which it follows that at energy scales accessible with existing and foreseeable facilities, one may arrive at reliable expectations for the outcome of experiments by using these "strongly dressed" PDAs in formulae for hard exclusive processes. Following this procedure, any discrepancies will be significantly smaller than those produced by using the conformal-limit PDAs in such formulae. Moreover, the magnitude of any disagreement will either be a better estimate of higher-order, higher-twist effects or provide more realistic constraints on the Standard Model. (11) and it is natural to choose η = 1/2. In this case we represent the scalar functions in Eq. (10) (F = E, F, G) by
3 − a G . H(ℓ; q) is small, has little impact, and is thus neglected. The interpolation parameters that fit our numerical results for the BetheSalpeter amplitudes are given in Table A .2. They were obtained elsewhere [7] through a least-squares fit to the Chebyshev moments
with n = 0, 2, where U n (x) is an order-n Chebyshev polynomial of the second kind. Owing to O(4) invariance, one may define x =k·q/iQ, withk 2 = 1 and q = (0, 0, Q, iQ). Only results obtained using the DB kernel for the pion are truly relevant herein and we therefore only list interpolation parameters for that case. (N.B. The overall multiplicative factor resulting from canonical normalisation of Γ π is not included in Table A Here it is worth noting another detail associated with the generalised spectral representations. DSE kernels that preserve the one-loop renormalisation group behaviour of QCD will necessarily generate propagators and Bethe-Salpeter amplitudes with a nonzero anomalous dimension γ F , where F labels the object concerned. Consequently, the spectral representation must be capa- 
where D(s ) is some function. Such a factor can be multiplied into any existing spectral representation in order to achieve the required ultraviolet behaviour.
In connection with the dressed-quark two-particle twist-three distributions considered herein, it is the anomalous dimension of the dressed-quark mass-function that must properly be represented: γ F → γ m = 12/25 in the RL and DB kernels. Owing to Eq. (36) , this also affects the pion and kaon Bethe-Salpeter amplitudes. In the integrands describing E u (ℓ; q) above, we therefore include a multiplicative factor ln Λ 
An analogous procedure is followed for the kaon's Bethe-Salpeter amplitude. In this instance, F 1 (ℓ; q) = 0 in Eq. (11) . Hence, interpolations must be found for both F 0,1 (ℓ; q). The following forms are flexible enough to allow a satisfactory representation of the numerical solutions to the Bethe-Salpeter equations:
where ς νi (α) is obtained via Eq. (20b). For the reasons described above, the multiplicative factor of Eq. (A9) is included in the E 0,1 -integrands containing ς 2 (α). Interpolation parameters for each function F 0,1 (ℓ; q) are determined via a least-squares fit to that function's n = 0, 2 Chebyshev moments. The resulting parameter values are listed in Table A 
